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1 Supervaluations

1.1 Models

Definition 1.1 (Model). Amodel is a pair𝑀 = ⟨𝑉 , 𝑅⟩with𝑉 ≠ ∅, 𝑉 ⊆ {0, 1}𝑃 , and
𝑅 ⊆ 𝑉 × 𝑉 . Thus each element 𝑣 ∈ 𝑉 is itself a classical valuation 𝑣 ∶ 𝑃 → {0, 1}.1

1.2 Satisfaction

Let 𝑃 be a set of propositional variables. For a model 𝑀 = ⟨𝑉 , 𝑅⟩ and 𝑣 ∈ 𝑉 :

𝑀, 𝑣 ⊧ 𝑝 iff 𝑣(𝑝) = 1

𝑀, 𝑣 ⊧ ¬𝜙 iff 𝑀, 𝑣 ̸⊧ 𝜙

𝑀, 𝑣 ⊧ 𝜙 ∧ 𝜓 iff 𝑀, 𝑣 ⊧ 𝜙 and 𝑀, 𝑣 ⊧ 𝜓
𝑀, 𝑣 ⊧ 𝜙 ∨ 𝜓 iff 𝑀, 𝑣 ⊧ 𝜙 or 𝑀, 𝑣 ⊧ 𝜓
𝑀, 𝑣 ⊧ 𝜙 → 𝜓 iff 𝑀, 𝑣 ̸⊧ 𝜙 or 𝑀, 𝑣 ⊧ 𝜓
𝑀, 𝑣 ⊧ Δ𝜙 iff ∀𝑣′ ∈ 𝑉 ( 𝑣𝑅𝑣′ ⇒ 𝑀, 𝑣′ ⊧ 𝜙 ).

Supertruth
𝑀 ⊧

1
𝜙 ∶⟺ for all 𝑣 ∈ 𝑉 (𝑀, 𝑣 ⊧ 𝜙).

We write 𝑀 ⊧1 Γ to mean 𝑀 ⊧1 𝛾 for all 𝛾 ∈ Γ.

1.3 Global Consequence

Γ ⊧𝑔 𝜙 iff for all models 𝑀 (𝑀 ⊧
1
Γ ⇒ 𝑀 ⊧

1
𝜙).

1.4 Local Consequence

Γ ⊧𝑙 𝜙 iff for all models 𝑀 ∀𝑣 ∈ 𝑉 (𝑀, 𝑣 ⊧ 𝛾 for all 𝛾 ∈ Γ ⇒ 𝑀, 𝑣 ⊧ 𝜙).

1This presentation identifies each “world” with a classical valuation 𝑣 ∶ 𝑃 → {0, 1}. It is more
standard to distinguish explicitly between frames and models: a frame is 𝐹 = ⟨𝑈 , 𝑅⟩ (with 𝑈 ≠ ∅),
and a model is 𝑀 = ⟨𝐹, 𝜋⟩ with 𝜋 ∶ 𝑈 × 𝑃 → {0, 1}. Then the atomic clause is 𝑀, 𝑢 ⊧ 𝑝 iff
𝜋(𝑢, 𝑝) = 1, and the determinacy clause is 𝑀, 𝑢 ⊧ Δ𝜑 iff ∀𝑢′ ∈ 𝑈 (𝑢𝑅𝑢′ ⇒ 𝑀, 𝑢′ ⊧ 𝜑). The current
“worlds-as-valuations” setup is recovered by taking 𝑈 = 𝑉 and 𝜋(𝑢, 𝑝) = 𝑢(𝑝).
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1.5 Subtruth and Subfalsity

Definition 1.2 (Subtruth & Subfalsity). For a model 𝑀 = ⟨𝑉 , 𝑅⟩ and formula 𝜙:

(Subtruth) 𝑀 ⊧
∃1
𝜙 ⟺ ∃𝑣 ∈ 𝑉 ∶ 𝑀, 𝑣 ⊧ 𝜙,

(Subfalsity) 𝑀 ⊧
∃0
𝜙 ⟺ ∃𝑣 ∈ 𝑉 ∶ 𝑀, 𝑣 ̸⊧ 𝜙.

1.6 Subvaluationist Consequence

Definition 1.3 (Global subvaluationist consequence).

Γ ⊧
∃
𝑔 𝜙 iff for all models 𝑀 (𝑀 ⊧

∃1
Γ ⇒ 𝑀 ⊧

∃1
𝜙)

where 𝑀 ⊧∃1 Γ abbreviates 𝑀 ⊧∃1 𝛾 for all 𝛾 ∈ Γ.
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